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a b s t r a c t
Let G be a connected graph with n ≥ 2 vertices. Let k ≥ 1 be an integer. Suppose that a fire
breaks out at a vertex v of G. A firefighter starts to protect vertices. At each time interval,
the firefighter protects k-vertices not yet on fire. At the end of each time interval, the fire
spreads to all the unprotected vertices that have a neighbor on fire. Let snk(v) denote the
maximum number of vertices in G that the firefighter can save when a fire breaks out at
vertex v. The k-surviving rate ρk(G) of G is defined to be
∑
v∈V (G) snk(v)/n2, which is the
average proportion of saved vertices.
In this paper, we show that every planar graph G with minimum degree δ satisfies
ρ4(G) > 311 if δ = 5, ρ4(G) > 319 if δ = 4, and ρ4(G) > 19 if δ ≤ 3. This improves a
result in [W.Wang, S. Finbow, P. Wang, The surviving rate of an infected network, Theoret.
Comput. Sci. 411 (2010) 3651–3660].
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In 1995, Hartnell [5] introduced the firefighter problem on a finite graph G at a conference. Assume that a fire breaks
out at a vertex v of G. A firefighter (or defender) chooses a vertex not yet on fire to protect. Then the firefighter and the fire
alternately move on the graph. Once a vertex has been chosen by the firefighter, it is considered protected or safe from any
further moves of the fire. After the firefighter’s move, the fire makes its move by spreading to all vertices which are adjacent
to the vertices on fire, except for those that are protected. The process endswhen the fire can no longer spread. The objective
of the firefighter is to save the maximum number of vertices, i.e., the number of vertices which are not burning when the
process ends.
Let sn(v) denote the maximum number of vertices in G that the firefighter can save when a fire breaks out at vertex v.
The surviving rate ρ(G) of a graph G with n vertices is defined to be the average proportion of vertices that can be saved
when a fire breaks out at one vertex of the graph, that is,
ρ(G) = sn(V (G))
n2
.
An algorithm for determining ρ(G) for two and three dimensional grid graphs are provided in [12]. It was shown in [7]
that for a graphG and an integer l, the problemof determiningwhether sn(v) ≥ l is NP-completewhen restricted to bipartite
graphs. Finbowet al. [3] proved that the above problem isNP-complete even for treeswithmaximumdegree three; however,
there is a polynomial time algorithm for the problem if G is a tree of maximum degree three and v is a vertex of degree two.
More recently, King and MacGillivray [6] have proved that the above problem is NP-complete for cubic graphs. For a nice
survey of related results the reader is referred to [4]. Some applications of the firefighter problem in computer science,
biology, propagation of viruses, rumors or epidemics can be seen in [8–11].
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Let k ≥ 1 be an integer. The k-firefighter problem is the same as the firefighter problem, except that at each move, the
firefighter protects k vertices. We use snk(v) to denote the maximum number of vertices in G that the firefighter can save
when a fire breaks out at vertex v. The k-surviving rate ρk(G) of a graph Gwith n vertices is defined by
ρk(G) = snk(V (G))n2 .
In particular, ρ1(G) = ρ(G). By the definition, it is evident that for any integer k ≥ 1 and a graph G on n vertices, ρk(G) = 0
if and only if n = 1. Thus, we always assume that n ≥ 2 in the following argument.
The concept of the surviving rate of a graph was introduced and investigated by Cai and Wang [1]. They proved the
following results: (1) ρ(Tn) ≥ 1 −

2
n for a tree Tn with n vertices, implying that limn→∞ ρ(Tn) = 1; (2) ρ(G) ≥ 16 for an
outerplanar graph G; (3) ρ(G) ≥ 310 for a Halin graph Gwith at least 5 vertices. These results have been recently improved or
extended as follows. Yue and Wang [14] showed that a Halin graph G with n vertices satisfies limn→∞ ρ2(G) = 1. Suppose
that G is an outerplanar graph with n ≥ 2 vertices. Wang, Yue and Zhu [13] proved that (1) limn→∞ ρ5(G) = 1; (2)
ρ(G) ≥ 4381 − 53n + 3n2 if n ≥ 8, and ρ(G) ≥ 13 if n ≥ 2. In particular, it was shown in [2] that the 1-surviving rate of every
outerplanar graph with n vertices is at least 1− Θ( log nn ), which is asymptotically tight. Moreover, it also was shown in [2]
that the k-surviving rate of a graph on n vertices with treewidth at most k is at least 1− O( k2 log nn ).
Wang, Finbow and Wang [11] investigated the surviving rate of some special graphs such as planar graphs with large
girth, K4-minor free graphs, d-degenerate graphs, planar graphs, etc. They proved the following results:
(1) almost all graphs have k-surviving rate arbitrarily close to 0;
(2) ρ(G) ≥ 235 for planar graphs G of girth at least 9;
(3) ρ2(G) ≥ 116 for K4-minor free graphs G;
(4) ρ2d−1(G) ≥ 25d for a d-degenerate graph G;
(5) ρ5(G) ≥ 215 for planar graphs G.
Let k ≥ 1 be an integer. We say that a class of graphs is k-good if the k-surviving rate of any graph G in the class is greater
than or equal to a positive constant c. This concept was introduced in [11]. By the above result (5), we see that planar graphs
are 5-good. In this paper, we will improve this result by showing that every planar graph is 4-good.
2. Notation
A plane graph is a particular drawing of a planar graph in the Euclidean plane. For a plane graph G, we denote its vertex
set, face set, maximum degree, and minimum degree by V (G), F(G),∆(G), and δ(G), respectively. For a vertex v ∈ V (G), we
say that v is a k-vertex, k+-vertex, or k−-vertex if v is of degree k, at least k, or at most k. Similarly, we can define a k-face.
Usually, we denote a 3-face f = [xyz] if x, y, z are the vertices on the boundary of f enumerated clockwise.
A planar graph G is maximal if no new edge can be added without violating the planarity of G. Let G be a maximal plane
graph with n vertices and m edges. Obviously, if n ≤ 4, then G is the complete graph Kn. If n ≥ 5, then 3 ≤ δ(G) ≤ 5 and
m = 3n− 6. Moreover, each of the faces in G is of degree 3. For i ≥ 3, let Vi denote the set of i-vertices in G and let ni = |Vi|.
So, V (G) = V3 ∪ V4 ∪ · · · ∪ V∆(G) and n =∑∆(G)i=3 ni. We define the following four subsets of vertices, where V ′′5 , V ′6, V ′′6 are
depicted in Fig. 1:
V ′5 = {v ∈ V5| v is adjacent to a 7−-vertex};
V
′′
5 = {v ∈ V5| there is a path vux such that d(u) = 8 and d(x) ≤ 7};
V
′
6 = {v ∈ V6| there are two 3-faces [vyx] and [uxy]with x, y ∈ V6 and d(u) ≤ 8};
V
′′
6 = {v ∈ V6| there are three 3-faces [uvx], [uxy], [uyz] such that x, y, z ∈ V6 and u ∈ V7}.
For i = 5, 6, we set n′i = |V ′i | and n′′i = |V ′′i |, and let V ∗ = V3∪V4∪V ′5∪V ′′5 ∪V ′6∪V ′′6 and n∗ = n3+n4+n′5+n′′5+n′6+n′′6 .
3. The 4-surviving rate
In this section, we give the main result of this paper. Let us first prove the following inequality, which plays a key role in
the proof of Theorem 3.2.
Lemma 3.1. If G is a maximal plane graph with n vertices and m edges, then
n∗ ≥ 3n
51− 8δ(G) .
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Fig. 1. Configurations on the sets V ′′5 , V
′
6, V
′′
6 .
Fig. 2. Rule (R3).
Proof. Let V = V (G) and δ = δ(G). Since G is a maximal plane graph, we have m = 3n − 6. By the Handshake lemma, we
get: −
v∈V
d(v) = 2m = 6n− 12. (1)
The above equality (1) can be rewritten as the following form:−
v∈V
d(v) =
−
v∈V∗
d(v)+
−
v∈V\V∗
d(v)
= 3n3 + 4n4 + 5(n′5 + n′′5)+ 6(n′6 + n′′6)+ σ
≥ δn∗ + σ , (2)
where
σ =
−
v∈V\V∗
d(v).
Now, we are going to show the following claim.
Claim 1. σ ≥ 518 (n− n∗).
Proof. Wemake use of the dischargingmethod. For each vertex v ∈ V\V ∗, we define an initialweight functionω(v) = d(v).
Then, we design the following discharging rules.
(R1) Every 8+-vertex gives 38 to each adjacent 5-vertex in V\V ∗.
(R2) Every 7+-vertex gives 18 to each adjacent 6-vertex in V\V ∗.
(R3) Suppose that [vxy] and [yxu] are two adjacent 3-faces. If d(v) = d(x) = d(y) = 6 and d(u) ≥ 9, then u gives 18 to v
across the edge xy, as shown in Fig. 2.
Letω′ denote the newweight function after the discharging. On the one hand, the total sum of weights for G has not been
changed. That is,−
v∈V\V∗
ω′(v) =
−
v∈V\V∗
ω(v) = σ .
On the other hand, we are going to show that ω′(v) ≥ 518 for every vertex v ∈ V\V ∗. This immediately implies that
σ ≥ 518 (n− n∗).
Let v ∈ V\V ∗ and x be an arbitrary neighbor of v. Then d(v) ≥ 5 by the definition of V ∗. We split the proof into following
five cases.
• d(v) = 5. Since v /∈ V ′5, then each of the neighbors of v in V\V ∗ is of degree at least 8. Thus, by (R1), ω′(v) ≥
ω(v)+ 5× 38 = 5+ 158 = 558 .
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• d(v) = 6. By the definition of V ′5, we conclude that every vertex adjacent to v in V\V ∗ is of degree at least 6. If v
is adjacent to at least three 7+-vertices in V\V ∗, then ω′(v) ≥ ω(v) + 3 × 18 = 6 + 38 = 518 by (R2). If v is adjacent to
exactly one 7+-vertex in V\V ∗, then ω′(v) ≥ 6 + 18 + 4 × 18 = 538 by (R2) and (R3). If v is adjacent to six 6-vertices, then
ω′(v) ≥ 6+ 6× 18 = 548 by (R3).
Now, assume that v is adjacent to exactly two 7+-vertices in V\V ∗, say x and y. If x and y are adjacent in G, then
ω′(v) ≥ 6+ 2× 18 + 3× 18 = 538 . Otherwise, we have ω′(v) ≥ 6+ 2× 18 + 2× 18 = 528 .• d(v) = 7. Similarly, no 5-vertex in V\V ∗ is adjacent to v. If at most five 6-vertices in V\V ∗ are adjacent to v, then (R2)
asserts that ω′(v) ≥ ω(v)− 5× 18 = 7− 58 = 518 . Otherwise, it is easy to inspect that each of those 6-vertices adjacent to v
will belong to V ′′6 , which is a contradiction.• d(v) = 8. We note that v is adjacent to at most one 5-vertex in V\V ∗ by the definition of V ′′5 . If v is not adjacent to any
5-vertex in V\V ∗, then ω′(v) ≥ ω(v) − 8 × 18 = 8 − 1 = 7 by (R2). Otherwise, assume that v is adjacent to exactly one
5-vertex. Again, in view of the definition of V ′′5 , no 6-vertex may be adjacent to v. Thus, ω′(v) ≥ 8− 38 = 618 by (R1).
• d(v) ≥ 9. Let t denote the number of 5-vertices adjacent to v in V\V ∗. Then 0 ≤ t ≤ ⌊ d(v)2 ⌋. It is easy to derive that at
most d(v)−2t 6-vertices are adjacent to v. Thus, by (R1) to (R3), we haveω′(v) ≥ ω(v)− 38 t− 18 (d(v)−2t)− 18 (d(v)−2t) =
3
4d(v)+ 18 t ≥ 34d(v) ≥ 548 . This competes the proof of Claim 1. 
Applying Claim 1 and the expressions (1) and (2), we conclude the following:
6n ≥ 6n− 12 ≥ δn∗ + σ ≥ δn∗ + 51
8
(n− n∗).
Equivalently,
n∗ ≥ 3n
51− 8δ . 
Theorem 3.2. Let G be a maximal planar graph with n ≥ 5 vertices. Then
ρ4(G) >
3
51− 8δ(G) .
Proof. Suppose that G is a maximal planar graph with n ≥ 5 vertices, which is embedded in the plane. We write simply
V = V (G) and δ = δ(G) in the following argument. Moreover, recall the notation that V ∗ = V3 ∪ V4 ∪ V ′5 ∪ V ′′5 ∪ V ′6 ∪ V ′′6 ,
and n∗ = n3 + n4 + n′5 + n′′5 + n′6 + n′′6 .
At first, we need to demonstrate the following essential assertion.
Claim 2. Let v ∈ V be an arbitrary vertex. Then
sn4(v) ≥

n− 1, if v ∈ V3 ∪ V4;
n− 2, if v ∈ V ′5;
n− 3, if v ∈ V ′′5 ;
n− 4, if v ∈ V ′6;
n− 5, if v ∈ V ′′6 ;
4, if v ∈ V\V ∗.
Proof. If v ∈ V\V ∗, the result is trivial since we may protect at least four vertices at each time interval. So assume that
v ∈ V ∗. The proof is split into the following five cases.
Case 1. v ∈ V3 ∪ V4.
When a fire breaks out at v, we can protect all the neighbors of v so that all vertices in V\{v} are saved. Thus,
sn4(v) = n− 1.
Case 2. v ∈ V ′5.
By the definition, v is adjacent to a 7−-vertex u. When a fire breaks out at v, we protect all vertices in N(v)\{u} first. By
the maximality of G, two of the neighbors of u, say u1, u2, must be, at the same time, adjacent to v. Noting that both u1 and
u2 have been protected in the first turn, we only need to protect all vertices in N(u)\{v, u1, u2} in the second turn. Thus, all
the vertices in V\{v, u} have been saved under our strategy. Therefore, sn4(v) ≥ n− 2.
Case 3. v ∈ V ′′5 .
There is a path vux such that d(u) = 8 and d(x) ≤ 7. Without loss of generality, we assume that d(x) = 7, as shown in
Fig. 3. When a fire breaks out at v, we first protect {v1, v2, v3, v4}, then {u1, u2, u3, u4}, and finally {x1, x2, x3, x4}. It is easy
to inspect that all vertices in V\{v, u, x} have been saved under our strategy. Thus, sn4(v) ≥ n− 3.
It should be stressed that the verticesmarked integer i in Fig. 3 (aswell as the following Figs. 4 and 5) are vertices defended
in the time interval i.
J. Kong et al. / Theoretical Computer Science 416 (2012) 65–70 69
Fig. 3. A defending strategy when a fire breaks out at a vertex v ∈ V ′′5 .
Fig. 4. A defending strategy when a fire breaks out at a vertex v ∈ V ′6 .
Fig. 5. A defending strategy when a fire breaks out at a vertex v ∈ V ′′6 .
Case 4. v ∈ V ′6.
There are two 3-faces [vxy] and [yxu] such that d(x) = d(y) = 6 and d(u) ≤ 8. Without loss of generality, we assume
that d(u) = 8, which is depicted in Fig. 4. When a fire breaks out at v, we first protect {v1, v2, v3, v4}, then {x1, x2, y1, y2},
and finally {u1, u2, u3, u4}. It is not difficult to see that all the vertices in V\{v, x, y, u} have been saved under our strategy.
Thus, sn4(v) ≥ n− 4.
Case 5. v ∈ V ′′6 .
There are three 3-faces [vux], [uyx], [uzy] such that d(x) = d(y) = d(z) = 6 and d(u) = 7, as shown in Fig. 5. When
a fire breaks out at v, we first protect {v1, v2, v3, v4}, then {u1, u2, x1, x2}, and finally {z1, z2, y1, y2}. So all the vertices in
V\{v, u, x, y, z} have been saved under our strategy. It follows that sn4(v) ≥ n− 5. 
By Claim 2 and Lemma 3.1, we can derive the following.
sn4(G) =
−
v∈V
sn4(v) =
−
v∈V∗
sn4(v)+
−
v∈V\V∗
sn4(v)
≥ (n− 5)n∗ + 4(n− n∗)
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= (n− 9)n∗ + 4n
≥ 3n(n− 9)
51− 8δ + 4n
= 3
51− 8δ n
2 + 177− 32δ
51− 8δ n
>
3
51− 8δ n
2 [since δ ≤ 5].
Therefore,
ρ4(G) = sn4(G)n2 >
3
51− 8δ .
This completes the proof of the theorem. 
Given a planar graph G with n vertices, there exists obviously a maximal planar graph H with n vertices such that G is a
spanning subgraph of H . Moreover, it is easy to observe that if G is a spanning subgraph of a graph H , then ρk(G) ≥ ρk(H)
for any k ≥ 1. Combining these facts and Theorem 3.2, we derive immediately the following consequence.
Corollary 3.3. If G is a planar graph with minimum degree δ, then
ρ4(G) >

3
11
, if δ = 5;
3
19
, if δ = 4;
1
9
, if δ ≤ 3.
We think that the lower bounds 311 ,
3
19 ,
1
9 in Corollary 3.3 are not best possible. Thus, it is interesting to improve these
bounds for the class of planar graphs.
A graph Gwith n vertices is called k-optimal if the k-surviving rate of G is arbitrarily close to 1 when n is sufficiently large,
i.e., limn→∞ ρk(G) = 1. The notion of k-optimal graphs was introduced in [11]. It is known that trees are 1-optimal [1],
outerplanar graphs are 1-optimal [2], and Halin graphs are 2-optimal [14].
Question 1. What is the smallest integer k∗ such that all planar graphs are k∗-optimal?
It is not yet known if there exists a constant C such that k∗ ≤ C . However, in view of the fact that ρ(K2,n) = 2n for any
n ≥ 2, we see that k∗ ≥ 2.
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